We consider a 2nth-order nonlinear di erence equation containing both many advances and retardations with p-Laplacian. Using the critical point theory, we obtain some new explicit criteria for the existence and multiplicity of periodic and subharmonic solutions. Our results generalize and improve some known related ones.
Introduction
Let N, Z and R denote the sets of all natural numbers, integers and real numbers, respectively. For a ⩽ b ∈ Z, de ne Z(a) = {a, a + , ⋯}, Z(a, b) = {a, a + , ⋯, b}.
Consider the following 2nth-order nonlinear di erence equation
where τ , n ∈ Z( ), ∆ is the forward di erence operator de ned by ∆u k = u k+ − u k , ∆ u k = ∆(∆u k ), r k > is real valued for each k ∈ Z, {r k } and f (k, v τ , ⋯, v −τ ) are T-periodic in k for a given positive integer T, and f ∈ C(Z × R τ + , R). ϕ p (s) is the p-Laplacian operator given by ϕ p (s) = s p− s ( < p < ∞). For any integer m ⩾ , a solution to Eq. (1.1) is called a mth-order subharmonic solution if it is a mT-periodic solution. Earlier, the main methods were all kinds of xed point theorems in cones for the study of periodic solutions and boundary value problems of di erence equations. It was not until 2003 that the critical point theory was used to establish su cient conditions for the existence of periodic solutions. Guo and Yu [1, 2] rst established su cient conditions on the existence of periodic solutions of second-order nonlinear di erence equations by using the critical point theory.
In 2007, Cai and Yu [3] obtained some criteria for the existence of periodic solutions of a 2nth-order di erence equation
where f grows superlinearly at both 0 and ∞. Using Linking Theorem and Saddle Point Theorem, Zhou [4] improved the results of [3] and extended f in Eq. (1.2) into sublinear or asymptotically linear.
In fact, there are some papers which studied the periodic solutions of di erence equations involving both advances and retardations which have important background and meaning in the eld of cybernetics and biological mathematics. Chen and Fang [5] in 2007 considered the following second-order nonlinear di erence equation containing both advance and retardation with p-Laplacian
In 2014, Lin and Zhou [6] obtained some new su cient conditions on the existence and multiplicity of periodic solutions of the following φ-Laplacian di erence equation
In the past literature, when it comes to a special Eq. (1.1) that τ = , many excellent works have been done (e.g. see [5] [6] [7] [8] [9] ). Using the critical point theory, they obtained some su cient conditions on the existence and multiplicity of periodic solutions in the special case of Eq. (1.1). Nevertheless, to the best of our knowledge, the results on periodic solutions of nonlinear di erence equations containing both many advances and retardations with p-Laplacian are very scare. To ll this gap, this paper gives some su cient conditions for the existence and multiplicity of periodic and subharmonic solutions to Eq. (1.1).
We mention that, in recent years, the critical point theory is also used on the study of homoclinic solutions [10] [11] [12] [13] [14] [15] [16] [17] and boundary value problems [18] [19] [20] [21] [22] [23] for di erence equations.
Let
Our main result is as follows. It is worth pointing out that our su cient conditions are based on the limit superior and limit inferior which are more applicable. Moreover, we also extend the conclusions to a more general form. As far as we know, in most of the previous results (e.g. see [7] ), the values of c and c cannot be determined, that is not operable, but we present their speci c values. In fact, if τ = , the assumptions in Theorem 1.1 are more explicit and easier to verify than those in Theorem 1.1 in [7] . For the sake of clarity, we put the remaining results at the end of the article. Our results complement the existing ones. See Remarks 4.6 and 4.7 for details.
The outline of this paper is as follows. In Section 2 we establish the variational framework associated with Eq. (1.1) and transfer the problem of the existence of periodic solutions of Eq. (1.1) into that of the existence of critical points of the corresponding functional. In Section 3, some related fundamental results are recalled for convenience, and some lemmas are proven. Then, we complete the proof of our main result by using Linking Theorem in Section 4. Finally, in Section 5, we illustrate our results with an example.
Variational structure
This section is to establish the corresponding variational framework for Eq. (1.1) and cite some basic conclusions for the forthcoming discussion.
Let S be the set of all two-side sequences, that is
For any u, v ∈ S, a, b ∈ R, au + bv is de ned by
Then S is a vector space. For any given positive integers m and T, we de ne the subspace E mT of S as
It is trivial to show that, E mT is isomorphic to R mT and can be endowed with the inner product
and corresponding norm
On the other hand, we de ne the norm ⋅ p on E mT as follows:
for all u ∈ E mT . Similarly to the derivation of [6] , by Hölder inequality and Jensen inequality, we have
De ne the functional J on E mT as
Clearly, J ∈ C (E mT , R) and by the fact that u = u mT , u = u mT+ , after a careful computation, we can nd
Thus, u is a critical point of J on E mT if and only if Eq. (1.1) holds. So, we reduce the existence of periodic solutions of Eq. (1.1) to that of the critical points of the functional J on E mT . Indeed, u ∈ E mT can be identi ed with u = (u , u , ⋯, u mT ) * , where * denotes the transpose of the vector.
Let P be the corresponding mT × mT matrix to the quadratic form ∑ mT k= (∆u k ) with u k+mT = u k for k ∈ Z, which is de ned by
By the matrix theory, we obtain that the eigenvalues of P are
Let V be the direct orthogonal complement of E mT to W, i.e., E mT = V ⊕ W.
Some results and lemmas
For the reader's convenience, we give some basic notations and some known results about the critical point theory.
De nition 3.1. Let E be a real Banach space, J ∈ C (E, R), i.e., J is a continuously Fréchet-di erentiable functional de ned on E. If any sequence u
is bounded and J ′ u (i)
→ (i → ∞) possesses a convergent subsequence, then we say J satis es the Palais-Smale condition (P.S. condition for short).
Let B ρ denote the open ball in E about 0 of radius ρ and let ∂B ρ denote its boundary. 
Lemma 3.2 (Linking Theorem [24]). Let E be a real Banach space, E = E ⊕ E , where E is nite dimensional. Suppose that J ∈ C (E, R) satis es the P.S. condition and

J(h(u)), and Γ = {h ∈ C(Q, E) h ∂Q = id}, where id denotes the identity operator.
Then we prove some lemmas which are useful in the proof of Theorem 1.1. First, similarly to the derivation of [3] , we can nd the following lemma.
Lemma 3.3. Let x = (∆
n− u , ∆ n− u , ⋯, ∆ n− u mT ) * . For any u ∈ E mT , one has λ (n− )p u p ⩽ x p ⩽λ (n− )p u p . Let G(u) = p ∑ mT k= r k− ∆ n u k− p , it follows from Lemma 3.3 that G(u) ⩽r p mT k= ∆ n u k− p p p ⩽r p c (p) mT k= ∆ n u k− p ⩽r p c p (p)λ p x p ⩽r p c p (p)λ np u p and G(u) ⩾ r p mT k= ∆ n u k− p p p ⩾ r p c (p) mT k= ∆ n u k− p ⩾ r p c p (p)λ p x p ⩾ r p c p (p)λ np u p .
Lemma 3.4. Assume that (T ) and (T ) hold. Then the functional J is bounded from above on E mT .
Proof. By (T ), there exist constants ζ > and β
For any u ∈ E mT , by Lemma 3.3 we have
The proof of Lemma 3.4 is complete.
Remark 3.5. The case mT = is trivial. For the case mT = , P has a di erent form, namely,
However, in this special case, the argument need not to be changed and we omit it.
Lemma 3.6. Assume that (T ) and (T ) hold. Then the functional J satis es the P.S. condition.
Proof. Let J u (i) be a bounded sequence from the lower bound, i.e., there exists a positive constant M such that
By the proof of Lemma 3.4, it is easy to see that
Therefore,
, it is not di cult to know that u (i) is a bounded sequence on E mT . As a consequence, u (i) possesses a convergence subsequence and J satis es the P.S. condition.
Proof of the main result
In this section, we shall prove our main results by using Linking Theorem. Assumptions (T ) and (T ) imply that F(k, , ⋯, ) = and f (k, , ⋯, ) = for k ∈ Z. Then u = is a trivial mT-periodic solution of Eq. (1.1). It su ces to prove that J has at least two nontrivial critical points on E mT .
Firstly, we show the existence of one nontrivial critical point. By Lemma 3.4, J is bounded from above on E mT . The proof of it implies lim u →+∞ J(u) = −∞. This means that −J(u) is coercive. Let we de ne c = sup
There existsū ∈ E mT such that J(ū) = c by the continuity of J(u). Clearly,ū is a critical point of J.
We claim that c > , which implies thatū is a nontrivial crtical point of J. Indeed, by (T ), there exist two positive constants δ and α
For any u ∈ V with u ⩽ δ, we have
This implies that c = sup
Hence the claim is proved. At the same time, we have proved that there exist constants σ > and δ > such that J ∂B δ ∩V ⩾ σ. In the other word, J satis es the condition (J ) of Linking Theorem. In the remaining of the proof, we shall use Lemma 3.2 to obtain another nontrivial critical point. We have known that J satis es the P.S. condition on E mT . In the following, we shall verify the condition (J ).
Take e ∈ ∂B ∩ V. For any z ∈ W and s ∈ R, we denote u = se + z. Then we have
Noting that for all u ∈ W,
Thus, there exists a positive constant R > δ such that J(u) ⩽ for any u ∈ ∂Q, where Q = (B R ∩ W) ⊕ {se < s < R }. This veri es the condition (J ) of Lemma 3.2. Therefore, J possesses a critical value c ⩾ σ > with
Letũ ∈ E mT be a critical point associated to the critical value c of J, i.e., J(ũ) = c. Ifũ ≠ū, then we are done. Otherwise, ifũ =ū, it follows that c = sup
In particular, choosing h = id, we have sup 
